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Stanford Robotic Platforms
KUKA/DLR Lightweight Robot IV
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* PUMA (two arms) — 4 groups

» KUKA Lightweight Robot — 2 groups
* KUKA youBot Robot — 1 group

e Haptic Simulation — 3 groups

Kinematics,
Dynamics &
Control
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Romeo & Juliet (1993)

The PUMA Robot




The PUMA Robot Simulator

DH Parameters
Axis (i-1)

AXis i

Linki

a,
1 s, d
ca, , d,

1

Basic Jacobian

linear velocity

o . o angular velocity

Vv
= ‘] (q)( xn)qu)
(0], =Gt

Xp = Ep(Xp)V
Xg = Exq(Xg)@

Forward Kinematics
Axis (i-1)

a|-lA

Forward Kinematics: 0T =
N

Axis i

Linki

The Jacobian (ExpLICIT FORM)

il
Py
ﬂ i\
AATTTTTTAN
Revolute Joint Qi = Ziqi

Prismatic Joint

Vi =2,




The Jacobian ExpLIcIT FOrRM) The Jacobian ]
© J (J
ELO v 2 /xR, T
i \\; Matrix Jv (direct differentiation)
ffector Prismatic Revolute i .
X
. Linear Vel: \4 QxR velvlox o e o X o b
Angular Vel: none Qi =Y | =X = dh -0, dlz Oyt d]n -q,
Effector Linear Velocity z
V= cV+E (Q. xP =70
|Z:1:[ I I |( 1 m)] \/I ZIql J — é’XP é)XP . é)XP
Effector Angular Velocity v ﬁoﬂ ﬁqz o
n n
(o:ZE Q, O =74
i=1

The Jacobian (ExpLicIT FOrRM) Jacobian in a Frame
Q 0]
i)O """" N Q Vector Representation
A 0. x
JP E Q VPW Ko Ko X,
. . I <\ \Y] J= dql O’QZ O’Qn
ﬂedor Prismatic Rgvolu‘re { =7, .2, .7
ATTTTTTN Linear Vel: \4 Q, xP,
Angular Vel: none Q In {0}
Effector Linear Velocity ﬂOXP ﬁOXP ﬂOXP
V:Z[Ei Zi+§ (Z,xP)]q; V. =26, J= A, A, A,
i=1 — — _
Effector Angular Velocity Gi-ozl S .OZ2 € .OZn
a’:z(é Z;) g Q=24
i=1
4 Velocity/Force Duality

4
d, v )
w—" q X=J46

a):[glzl & Z, - énzn] q2 T:JTF

w=1J0 Gy

V=g Z+E (Z,xR,) € Z,+5, (Z,xB,)




Kinematic Singularity Jacobian for X
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singular direction

J= (Jl J, - Jn) Cartesian & Direction Cosines
det(J)zo X(12x1) = ‘]X(q)(12x6)q(6xl)
det ( 'J ) = det( 1] ) The Jacobian is dependent

on the representation
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Position Representations
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Newton-Euler Algorithm

ex(l""°“s and Inertiq) op,
C es

2

Equations of Motion Explicit Form
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Equations of Motion Explicit Form
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Equations of Motion Explicit Form
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Natural Systems

Conservative Forces

m¥X+ kx =0

Frequency increases
with stiffness
and inverse mass
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Natural Frequency @, = ,[—
m

X+wix=0
X(t) =c cos(w, t+¢)

Robot Control

Natural Systems

Conservative Forces 1 «/\lfm,—-
—X

d AK-V), AK-V) 1
d =0 K=Img
dt( ~ ) X K 2mx

1
mx + kx = 0 v =gk

Natural Systems

k
Dissipative Systems 4
d AK-V), AK-V)
— —) = fiicion
d  ox OX
Viscous friction:  f = —bx

friction

mX +bx+kx =0
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—X

Dissipative Systems
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24 order systems
mX+bx+kx=0

>'<'£>'<+£x:0

. m m

20, \wnz

" Natural damping ratio
E onerw
b/m=2w, za)nm 2\/m

Critically damped system: &, =1 (b =2+/km)

Asymptotic Stability
d (6'(]_ a(K _Vgoal)

ax S

dt\ ox

FS
F'x <0 ; for x£0| _x /

F=—kx — k, >0

F= —kp (x— Xgoal ) -k, %

Time Response
X+2& 0 X+w’x=0
Natural

Natural o = k &= L damping
frequency n m on ZM ratio
X(t) = ce ' cos(@ /1— E2t + @)
—

X(t) . w
N "\ damped
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L AN frequency
— N t /
s 0 =w1-&
o T n n

Proportional-Derivative Control (PD)
mi =T =k, (X=X4) =KX
mx;kvx+kp‘£x—xd):0

Velocity gain Position gain

Kk
1.X+ﬁ)'(+—p(x—xd)=0
m m

L X+25mx+a’ (X—%;) =0

Passive Systems (Stability)
1 T
Voa :Ekp(x—xg) (x—xg)
iGﬁ}éﬁzf
dt\ ox ) ox
U f :_%

d(aKj_ﬁ(K—me)_ -

Conservative Forces
ala) e e

k
¢= uf closedloop =" ?Iosed loop
2./K,M " damping ratio m frequency
Gains
k, = mo’
kv =m(2¢w)

Gain Selection

— 2
set (ﬂ—) Kp =M

@ k, =m(2{w)
Unit mass system m - mass system
P2 o '
ky = k,=m k;




Control Partitioning
mi=Ff = m(@X)=m f’
f=—kx—k, (x—x,)
f =mlkx—k; (x=x,)]=m '

f!

mX=mf’
1LX= f ! unit mass system
1.X7k\;>'(+l/<;(x—xd):0
28w o

Disturbance Rejection

mxX +b(x,x) = f
d

X lf’ f

).( +
%«f menH

e+kie+ke=0

Non Linearities
mX +b(x, X) = f
Control Partitioning

f=aof'+p
with ~ a =M
B=D(x,%)
mX + b(x, X) = Mf "+ b(x, X)
— 1L.X=f’
e )
Unit mass system 4@(— i

Disturbance Rejection
mX +b(x,x) = f
B fdist

T

X f’
X

{@f s S

mX +b(x, X) = f + f,

Motion Control
mX+b(x,x)=f = 1LX=f'
f=mf'+b
Goal Position (xg):
Control:  §r — —kyx — k! (X = X4)
Closed-loop System: { ¢, ki +K!(x—xy)=0
Trajectory Tracking
Xq(t); X4 (t); and X, (t)
Control: f':)'('d—l(v’()'(—)'(d)—k;)(x—xd)
Closed-loop System:
(%= Xg) + k(X = *g) + K (x=%4) =0
with e = X — X,
§+kig+kie=0

Control f =mf’+Db(x,X) bounded
{Vt‘ fdist‘ <a}
Closed loop f
€+kg+kie=—"t
m
Steady-State Error
s Ly f
€+ke+kie=—"
The steady-state (é =€= 0) :
kr — fdist
T m
e = fd||(st’ — EiSt
m
p=p " ciosed oop

position
gain (stiffness)
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Steady-State Error - Example Effective Inertia
f 2
m — o Ieff - |L+77 Im
mX+kX+k (x-=x,)=0
”” v p( d) for a manipulator n=1
K, e I, =1.(q) Direct Drive
o % kp(X —%3) = Tai Gain Selection
f
di 2 '
x=xd+k—'St k,=(_+n°1,)k)
p 2 '
fdist :kpAX AX kv:(|L+77 Im)kv
AX = h Time Optimal Selection
k «—_ Closed Loop o1
P Stiffness I = Z(\/ Ime * v ILW )2
PID (adding Integral action) Manipulator Control
System  mx +b(x, %) = + fyq \q M(9)8+V (0,0)+G(0) =7
Control  f =mf’+b(x,X) , ‘llq
B =%y =Kk = %) =k (x = X, ) = K/ [ (x = X,)dt R
- 0 My, \( p2
Closed-loop System . rr:“ Elzj[gl}(m(;“J(Q 502)+[muz 0 ][ZE}@]—[?
B . ~ fhis 21 2 2 2 2 2 2
g+kie+kje+k/[edt = - o )
6 KE+ K6+ k! 0 & My, 0, + My, 0, +Myy,0,0, + M0, + G, = 27
o Ve+ pe+ ie - 00(@ m2292+m21é1_m112 912"'62:72
Steady-state Error € =0 2 o
Gear Reduction ¢ R
Gear ratio 7= KUKA youBot

— Van Hm/ \ Link . 1.,
| Motor I, O 0, =()0n
N ) !

\__

©On T, =1t

m

r,=1.0, +3(|L9L)+bm{9m +3bLéoL
n LN

L= Ym
l/

Tm = (Im +LL2)-()HW + (bm +b72)0
n n

m

r = (1, +7%1.)0, + (b, +7°0,)0,

Effective Inertia Effective Damping




N(Q)q +B()[ad] +C(q)[g2 1+G@)=r
~
ﬂ T:_kp(q_qd)_kvq

V, =1/2k,(@-0,)*
e A N ﬂ
V
d_(o”K')_ﬂK +5Vs :4_5 ¢k g
dt " 2q aq 2q aq

Nonlinear Dynamic Decoupling
M(0)6+V(0,0)+G(0) = r
r=M(8)z' +V(6,0)+G(6)

1L.O=(MM)z'+ MV -V)+(G-G)]

with perfect estimates
1.0=1"+¢&(t)
7' input of the unit-mass systems
=0, -k (0-0,)-Kk;(0-0,)
Closed-loop
E+kE+kE=0+s(t)

PD Control Stability

M(a)d+B(@)[aal+CO)I¢ 1+G@) =«
— ~ W

[ r=*@-0)-kd
U =i/2kp(q—qd)T(q—q,)ﬂ
d OKy K oM. V)

Ve

S

r,=-k,g wh |zq<0 forq=0;k, >0

B(a.q) + C(a.4) + G(a)

Performance
High Gains —— better disturbance rejection

Gains are limited by
structural flexibilities
time delays (actuator-sensing)
sampling rate
1)

o, sf <«——— lowest structural flexibility
[0 2
w, < delay. «—— largest delay | —
3 z—delay
wsampling—rate
o, < #

€ ¢
Task Oriented Control
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Joint Space Control

X

Unified Motion & Force Control

+F

motion contact

{F=F

Joint Space Control

Operational Space Dynamics

M, %+V,+G~ F

F= F[Mx,vx,éxyv(xsoal )]

Operational Space Control

v

V (XGoaI)
F £
F=-VV (XGoaI)
r=J"F

Task-Oriented Equations of Motion
n+13

{0

n+l
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Equations of Motion

(a2
dt\ ox /] ox X=

RN < x

L(x,X) =K(x,X)=U(x)

Joint Space/Task Space
Relationships

M, (x) =37 (@)M (a) I *(q)
V, (%, %) =377 (q)V (0.d) — M, (a) h(g, q)
G, (x)=J37(q)G(a)

h(g,qd) = J(g)q

Operational Space Dynamics

M (X)X +V, (X, X) + G, (X) = F

Joint Space/Task Space
Relationships

Kinetic Energy
K, (x, %) = Ky(9,4)
1.; .1 1 .
—X'M =—q M
XM, (0% ="M (@)
x=J(a)q

l.T T N l.T .
“A™M. ) q==¢"M
2q( W) d ,4 Mg

End-Effector Control
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Passive Systems (Stability)
1 T
Vo = k5 (53 (3

g(a(K —V)j_a(K—V) _F

dtl  ox x

U F=—i(vgoa, —\7)
oX

d (8K j_w B O Conservative Forces

dtl ox

[

Perfect Estimates
I%X=F'
F.

F =-k, )‘(—k'p(x—xg)
Closed Loop
| X+kx+k,(x=x,)=0

Asymptotic Stability

d (aK)_a(K—Vgoal) .

dtl ax -

OX ;
FS
F'x <0 ; for x20| _x /

F=-kx —> k, >0

Trajectory Tracking
Xd’ Xd ! 5(.d

Fr=1 %, K, (X=%) K, (X=%,)

(R—%,) +K, (X=%,) + k| (x=%;) =0

& +ké +kog =0

£, =X—X,

Nonlinear Dynamic Decoupling

M, (X)X +V, (%, X) + G (x) = F

m\@(x, X)+ G, (X)

IX=F'

with 7=J"F

In joint space
&, +tké, +kg, =0

gq =q_qd
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Task-Oriented Control

%

e
:

d

! F T

oot Koo} —e—fro}~{am]
- £ [Y "

2 S N N

L'

Compliance
k;x

F'=-] 0

0

-

0
k ’

Py

0

I X

- F’

0
0

(X_Xd)_kv’).(

set to zero

X+ KX +k (x=%) =0

y+k, Yk, (y-y,)=0

Compliance along Z ‘

Stiffness
Z+kjz+k, (z-24)=0

determines stiffness along z
Closed-Loop Stiffness: M,k =k

F =K, (x=X,)
r=J'F=J"KAx=(J"K J)AO=K,AQ
K, =JT(0)K,J(0)

Force Control

1-d.o.f.

f f mx = f
d

m
TL set f= fd
’ Problem

. 1ecOV®

friction \‘\S/ Coulomb friction

10(N'm) ~

— [oupa=]
/

" Break away

Force Sensing

f g

— m

TTTT /

S = —vn— ;fS:kx

S

mxX +k,x = f
B
At static Equilibrium
f=1,=f=f1,
Dynamics

mX+kx=f, + f

Dynamic
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Dynamics

mx + k,x = f =k
m. fs f =X
—f+f = f =kx
ks /Control

Closed Loop

Lk ok, (= )1+ = 1,

S

fy 4o (kg (= ) -k £

Steady-State error

S

f
f=1=0
MK,
( " +1)e; = fuq
ef — fdist

1

(b kg, (= )+ (1= 1) =0

dist

Task Description
.
R e

Task Specification

Frotion T2 F

F =/§} motion force

[04U0D~8240

—_—
] Motion-Control

Lo N

40"

e
o
W

X, _2; ‘Jp\ /

<z

=

=1-Q

O O =

o - O

o O O
o]

e
[

Unified Motion & Force Control

Q ‘9 = Q I:n:otion
Q4=0QF,
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System
Identification

Identification

m_ ——f
System ‘XO .
mX +bx = f
C I — v
ontro f __kp(x_xd)_K/X

Closed-Loop

mX+(b+k, )X+k (x—%;)=0

Natural Systems

Conservative Systems . 2,

I

m¥x + kx =0

Frequency increases
with stiffness
and inverse mass

[k
Natural Frequency @, = ,|—
m

X+w’x=0 1’, t
X(t) =c cos(w,t+ @)

Time Response
X+2E 0 X+w'x=0

~ k, B k, _ b +Kk,
“’"‘\/::”“‘wg & 2,Jk,m
X(t) = ce " cos(@, /1 - EXt + @)
X(®)

Natural Systems
k

Dissipative Systems 1 wnw;n

d (é’(K—V)) AK-V) _
ot X X friction
Viscous friction: = —bX

friction

mX +bx+kx =0
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