Kinematics

Manipulator
Prismatic Joint

Revolute
Joint

End-Effector

. nmoving link
LinkS: 1 fixed link
Revolute (1 DOF)

Joints:
Prismatic (1 DOF)

Generalized Coordinates

3 positions
N |~ 6 parameters 3 orientations
5 constraints

n moving links: 6n parameters
n 1d.o.f. joints: 5n constraints
Id.o.f. (system): 6n-5n=n |

Operational Coordinates

O,,:: Operational point

Aset X, Xoy.oo Xy
of Mmyindependent configuration parameters

M, : number of degrees of freedom
of the end-effector.

Redundancy

A robot is said to
be redundant if

n>m,

Degrees of redundancy: n—m,

Task Redundancy

n> mtask
N —My - degrees of redundancy/task




Geometric Model

Homogeneous Transformation

%

x=Rx'+p

Consecutive Transformations

T,=0T,...T

e Forward Kinematics
e Inverse Kinematics

Kinematic Chain

/joint‘ ;




Denavit-Hartenberg (DH)
Parameters

joint,

Homogeneous Transformation

T(i—l)i = T(i—l)i (ai—l’ 81,6, p, )

cos 6, -siné, 0 a4
sing cosa; ;) C€OSE COSay .,y —SiNa .y —p,Sina

(-0i = o . .
singsing; ) cosésing;, COSa;, P COSQ

0 0 0 1

Geometric Model
Forward Kinematics

Toensn) (@) =T, (0)T,(q,) - Ty (a, )Tn(n+l)

R N+ o(n+:
@[ Re® 2

0 1

x=G(q)

_(xp(q)j
X =
X, (@)

Representations
«Cartesian
*Spherical
X P «Cylindrical
X =
X *Euler Angles
R «Direction Cosines

*Euler Parameters




Position Representations

xp (q) f)o(ml)(q)

z
«Cartesian (X, Y, 2)

«Cylindrical (0,6, 2) ;L y

*Spherical (r,0,¢) . ¢ /]

Orientation Representation

Xg (0) Romin (@)

Ry = (1(Q) 1,(a) r(a);
r(a)

X = rz(q)
r,(q)

Euler Angles .,

l/// ZO N X' Z(nﬁ-l) \ / Yine)

'
Q/X - Z(n+1)
Yo

¢/ Z(n+1)

w(d)
x, =| 6(q)
#(d)

w(q)=sgn (rls)arccos(—rzs/1 11— r3§) ;

6(q) =arccos () ;

460 =301, e, 173

r,#xl
Singularity of the representation

0 =kr ki(integer) = r, #+1
(w+¢) or (w—¢) are defined-




Euler Parameters

Rotations:
Product of two plane symmetries

u-v=cosd/2
Uxv=wsinég/2

Euler 4-Parameters

A, =C€086/2 ;

A, =w;sSing/2;
A, =W,sing/2;
Ay =W,SiN0/2;

A+ +22+22=1

Rotation Matrix

2045+ 47)-1 2(AA, = Aoks) 2(Ads +Aoh,)
R (@ =| 2(Ad, +20s)  2(25+25) -1 2(2,45 = Ay
2( A= Aghy) 2(ApAs+ Aehy)  2(25+25)-1

RO(n+l) ol B PV PP PP

(R ohs (R or o) (Rohs) (R ko) (225 ) and (a2,
1= e
/12 =gsgn(r21—r1 )\/_ru_rzz +r33+1 ;
A :gSgn(rw_rSl) Ny~ +1;

n .
/10 :ESQn(raz_rza) r11_"22_"33‘*1 ’

n==x1

Lemma: For all rotations, at least one of the
Euler Parameters has a magnitude
larger than or equal to 1/2.

Ao((t-1y)| A (ta-ny) [Az(t-ny)| |As(tii-1y)
Ao(ti) Ag/4 (532 — $23) /A0 | (513 — s1) /A9 | (521 — 510) /Ay
Ai(t) | (532 — sa) /A A/ (321 + 512)/As | (513 + sm1)/ Ay
Ao(ti) | (513 — sa1) /B | (521 + 512) /Dy Ay /d (532 + 53) [ Ay
Ag(t) | (521 = 512)/ A0 | (513 + 531)/A) | (532 + 523) /Dy Ag/d

Ay = 25gn(,\g(t i1
Ay = 2sgn (A
(
(

Vs + sz — s+ 1
V=811 — Sop + 833 + 1.

Ay = 2sgn (Aot
Az = 2sgn ()\g tia




Euler Angles & Parameters

A, =C€086/2-cos(y +¢)/2 ;
A, =sin@/2-cos(y —9)/2 ;
A, =sin@/2-sin(y —¢)/2 ;
A, =c0s0/2-sin(y +¢)/2 .

Jacobhian for X

Xp
Given a representation X =
Xg

x=J.(d)q

J,(a) = E(x) Jy(a)

V .
Basic Jacobian (a)j =Jo(@) ¢

Basic Jacobian
{O} v linear velocity
)W Mwangular velocity

\'
) - Jo(q)(exn)q(nxl)

(6x1)

Jacobian and Basic Jacobian

(aHEE

Position Representations
(x,y,2)
Ep (X) =1,

(0,0,2)
Using(X y 2)" =(pcos@ psind z)"

cos@ sin@ 0
E.(X)=|-sin 9 9/ 0

»(X) sm/o cos/p
0 0 1

@ = EX) 3,
[Vj = 3(@) g
(0]

(p,0,9)

Using
(x y 2)" =(pcos@sing psinfsing pcosé)’

cosésing sin@sin g Cos ¢

E,(X) = _Sin%psinqﬁ) cos%psin¢)

cosecosV sianosy _siny
ye o o




Spatial Mechanisms

{2}

{0}

Propagation of velocities

_~ Vv : linear velocity

X .
™ : angular velocity

The Jacobian (ExpLIcIT FORM)

Qif
P o
i%v
ffector Prismatic Revolute O v
77777 Linear Vel: \4
Angular Vel: none Q
Effector Linear Velocity
v=>[g Vi+& (QxP)] V=7
=1
Effector Anglnular‘ Velocity
@ = ZE Q Q=24
i=1

Euler Angles
_sacf cacp
a sp sp
X =| B I Er(XR)=| ca sa 0
r Sa _te
sp sp
p=kr
The Jacobian (ExpLICIT FORM)
IfO """" \4
z B
ATTTTTTA
Revolute Joint €2, = Z,;
Prismatic Joint Vi = Zi qi
The Jacobian (EXPLICIT FORM)
Qi
ILO """" N 0,

ﬂec‘ror Prismatic Revolute O
\Y4

77777 Linear Vel: /
Angular Vel: rone Q;
Effector Linear Velocity
n

V= Z[ei Z;+& (Z;xP,)1q,
i-1
Effector Angular Velocity

a’:Z(gi Z;)q;

<<

Vi=2¢

Qi:Ziqi

v=[g Z,+& (Z,xR,)]¢ +
+[€n—1 Zn—1+ én—l (Zn—l X P(n—l)n)]qn—l+ €n ann ql

v=[g Z+& (Z,xR,) & Z,+& (Z,xR,) -] qz
v=1J, b
0= ZG+E, Z0,++€,20, &
w=82, &2, - &2] qf
0=1,4 i




The Jacobian J Jacobian in a Frame
— \i
J _(J J Vector Representation
" X, K, X,
Matrix J, (direct differentiation) J= ﬁ -, A,
X &4 §Z, - §.1Z,
v=|y|=x :%.q +%.q 4ot F’_q In {0
I n {0}
Pxp X, X,
0y _
1| % % X% f?glz f’%fz dﬂ)nz
v oy g, aq, Q4 S L &4y

Stanford Scheinman Arm

Stanford Scheinman Arm Jacobian . .
. . . Velocity/Force Duality
X X O X

. 0 0 ©
J=| 79 a9, 218
0 0 0 0 0 °
z °z, 0 °z, z. °z, X o J H
—c,d, —s;s,d; cc,d, ¢s, O 0 0
-s,d, +¢;s,d; sc,d, ss, O 0 0 T
0 sd, ¢, 0 0 0 . J F
0 -s, 0 c¢s, -CC,S8,—SC, C,C,C,S;—5,5,S5 +CiS,Cq T —
0 C, 0 s, -5C,S,+CC, 8,C,C,Sc +C;S,Sy +5,5,Cq
1

0 0 ¢ S,S, —S,C,S; +CsC,




Instantaneous
Inverse Kinematics

Linearized Kinematic Model

ox=1J(q)oq

Resolved Motion-Rate
(Whitney 1972)

Jacobian
AX Ag,
= ‘]zxz
Ay AQ,
Inverse Jacobian

RS
qu 2x2 Ay

5q=J37"'(q)ox
Redundancy
A
A o
Ay = ‘]2><3 qu
AQ,
Generalized Inverse
A A
Aql = A%, +[|—J#J] Aql
q2 T V3x2 AXZ 33 q2
Aq, Ag,

A(mxn) Yina) = Xima)

Range space
/;‘Column space
" of A

General Solution R

y=A"x+[1,-AAly,

Generalized Inverse

Ay rank(A) =r
Ay  AA'A=A

A=(2 -1
1 a

A=272
a




1
Aty — —+E ‘= E(1+a)x
a ax
1+a)x
Ay=(2 -1 2( )
ax

Ay Yy = Xma)

n<m

(r=n)

n>m
(r=m)
%
—> ©
2 0 1) % (%
11 0) 27 X,
Y3
Example (1 O X,
Y1
2 4[ = X,
3 4\ X
1 0 X,
Vi| 2 [+ Y2 [ 4]=] %
3 4 X,
1 0
4
4

Jacobian Generalized Inverse

Generalized Inverse TN
SN

3 3383,=3, [

General Solution

59 =135 5% +[ 1,-333, |59,

10



General Solution

59 =33 8% +[ 1, - 353, |50,

59, =(1-353,) 59
0=1J,4q,
0=J,(1-3535) 59
0=1J,-3,343,

I 3,23,313,

Pseudo Inverse
AA*A=A

ATAAT = A
(AA) =A"A
(AA*)T — AA

A" :unique

Pseudo-Inverse

Left Inverse .,
m>n A =(ATA) AT
(r=n) A'A=1
m=n=r At = A1

ATA=AA =1
Right Inverse
m<n A+=AT(AAT)71
(r=m) AA" =

Generalized Inverse

Left Inverse .,
m>n A :(ATW ’1A) ATW

(r=n) A'A=1
m=n=r A = A

A'A=AA" =1
Right Inverse
m<n A#=W71AT(AW71AT)71
(r=m) AA* = |

1



Reduction to the Basic
Kinematic Model

J5q =X

ox=E(X)oXx,
Jo () 59 =0X%,

ox=E(X)oXx,
E(X) :mxm,matrix (m>m,)
—rank (E(X))<m,
—rank (E(X))<m,

Left Inverse
rank (E(X))=m,

0%, =E; . (X) OX

(myxm)
E*: EE=I,
E'=(ETE) E’

E;(Xp) O J

E+(x):[ 0 E'(Xr)

System
§Xm><l = memo é‘XOmOxl

E;Oxmgxmxl = ( ET E) 5X0m0x1

(ETE) E"ox :05;0
0%, = E"OX
E'=(E'E) E'
E'E=(E'E) E'E=1

Left Inverse

Position Representations
E-(X)=1,

Using(x y 2)" =(pcos@ psind z)"

cosé sin@ 0

E.(X)=|-sin 9 9/ 0
»(X) sm/ocos/p
0 0 1

Position Representations

E:(X) = EA(X) =1,

cosd —psing 0
E.'(X)=|-sind pcosd O
0 0 1

12



Using
(x y 2)" =(pcoshsing psin@sing pcosh)’

cosésin g sin@sin ¢ cos ¢

E,(X)= _Sin%psinqﬁ) Cos%psimﬁ)
cosécos ¢ singcos ¢ _sing
iz 7

cosdsing  psin@sing pcosdcos g
E,'(X)=| —sinfsing pcosdsing psindcosg

Rotation Representations

S S
Xr = SZ ' Er (Xr) - ”7‘?27
S _§3

[0 0 s1
S,=| 0 0 -C1
-S1 C1 0
[ s? -sC1 0
SIS, =|-SC1 C? 0
SC1=51C1
0 0o 1

cos¢ 0 —psing
Example Cl -S1 0
$=(5S,S,)=[S1 CL 0
0 0 1
z, 0 -z; 1z
Z=\z,|=|z3 0 -z
Z, -z, 7 O
0 0 C1]
S,=| 0 0 s1
—Cl -S1 0|
C? sc1 0]
§1S,=|sC1 S2 0
0 0 1

13



Angular Velocity
Sy _§1
X, = SZ : Er(xr)= _§2
S3 _§3
X, =E o
Solution
1 - .

w==E"X,
2

Direction Cosines - Rotation Error
Instantaneous Angular Error

Sy St
X =[S, |5 Xg =| Spq
S Sag

S1 Sud

ox, =|S2|-|S2d
S3 S3d

14



Instantaneous Angular Error

s1
E’|S2 =;(§131+§232+§333)Eo
s3
Rotation Representations Euler Angles
SpCo CepCéo
s, 5 -S900 %0
—— E(X)=| Cp Sp. 0
Xe =52 |5 Er(xr)= =S, Sp Co
s s %o ey O
3 3
0 inysing
£ (x)E () =21, : e s
E.*(x,)=|0 siny —cosysing
E:(xr):l(—SAlT N —§3T) 1 0 cosé
Euler Parameters A -4, A,
I S
X =A=(2g 2 Ay 2s) A A A
A, A A,
/1:1},@ 1\/
2 E.(1)==1




Euler Parameters

Inverse of the Basic
Kinematic Model

System
§X0(m0><1) = ‘]O(q) (moxn)é‘q(nxl) ; m0 <n
Right Inverse

rank J, =m,
nxm, 373,97 =1,

System
5X0(m0xl) = ‘]o(q) (moxn)5q(nxl) ;M =n
Solution 5q=1J75X,

# .
Jo: Generalized Inverse

General Solution
5q=17 X, + [ 1,-353, | 59,

SGn

Redundancy (w.r.t a Task)
x=1Cl+1,C12+1,C123 %
y=1,51+1,512+1,5123

ql=q2:0

l,=1,=I,= o
(@)= ~S3  -S3

2 W=, 03 1403 C3

3, =37(307)

: 3s;
JJ7 =
-3(1+C,)S3 3C2+6C3+5
det(JJ7)=6S]

-3(1+ C3)S3J

3(1+C,)S3 382
1 1+3C3 3S3
‘J(+3><2) :@ _2 0

~(5+3C3) -3S3

1 1 (3CZ+6C3+5 3(1+C3)83

16



1 2 1
5q =<2 4 —2|sq, A=
1 -2 1 |

1
50,y =g(5q1—25q2 +60;)
1
59, = g(—25q1 +450, - 250;)

1
50,5 =g(5q1—25q2 +050,)

®
5q=3"5x+(1,-3535) 59,
1 2 1
(|—J*J)=3 2 4 =2
1 2 1
Redundancy

System

5X0(m0x1) = ‘Jo(q) (moxn)é‘q(nxl) ;m,<n
General Solution

5 =35 6X,+[1,-353, | 69

oq,

Kinematic Singularity

singular direction
J =(Jl N Jn)

det(J)=0
det('J)=det('J)

Kinematic Singularities
x=1,C1+1,C12

y=1,51+1,512 !

] ~(1,81+1,812) 1,812
| 1c1+1,812  1,C12
det(3)=1,1,52

17



J=54 3,
j_(Ct sty sz 1,82
st c1)llL+1,c2 1,C2

s [0 0
L1, 1,

Singular Value Decomposition
Theorem - Definition

A=UX VT

-2
2|0
=5t
Y., =diag[o;]
0,20,2---20,>0
o,(i=1--r)

Decomposition of A
A(mxn) = U(mxm) z(mxn)VT(”X”)

m=>n ATA:V(zT z)VT

ZTZ{ZV 0]
00

1) det(A"A-0’1)=0 > 67,07 > X

2°)(ATA-071)V, =0 >V

F)AV =U Y
(Av, DAY, i) = (o i oy, i)
, Ay, U
O,

m<n AAT:U(ZTZ)UT

z
(ZZT )(mxm) :( 0

]

18



1) det(AA" —6°1)=0 > %

2°)(AA"-5{1)U; =0 > U

P)AU =V
(ATul ATU1 -~-):(o‘lvlf oV, )
T
v = A'u, v
(oF

Pseudo Inverse of A=U X V' is

lof 0

Pseudo Inverse of 2. —{ 0 O

0
N
O-i \
s=[o0 L
o
0

]

A+ =V ZJrUT
AATA=A
T
(A+A) - A'A
T
(AN):AN
Example
0 0
O+

det(J73-o%1)=0
of =12+ (1, +1,)

2_
o, =0

0 0

2°)V?
(373-c71)v, =0

-2 (1, +1,)1,
[(I1+I2)I2 (|1+|2)2}V10

y 1 (|1+|2 -,
(1, +1,)0 T it

|

19



Jy,
u, =
O;
| +1
0 0 lJUZ
uZL: Il+|2 IZ I
2

2
)
5

E

L+,
JO 0

-1,

Jo o

ol _s1\0 1 \/|§+(|1+|2)2 0
st CL){1 0 0 °

\]+=V Z+ UT Sgl

General Solution

5q=3"ox+(1-3"3) 50,
Jqﬂ

1 (|1+I2

JJ=
|§+(Il+|2) |2

1,
I+,

|

20



Problem with the Pseudo Inverse Solution
Jo

;_[cr st 1,82 —1,82
st oc1)lL+1Lc2 1,Cc2

ga_ 1 1,C2 1,52 c1 s1
C1l,s2(—(1,+1,c2) -1,82)(-s1 C1

-1
I

|

AX
[ AX =[ J
/G
A E
R A% - B
x Aq{;,ql,,,> Ag=J"AX
q AXy 1 Ay
1
Il 82 Il
Aq (|1+|2)AX(1) 1 AY(l)
L= L
Il|2 02 Il

1 12 —(1,+1,)1,
é‘qn:ﬁ 2 é‘qo
B+ +1,) (=(L+1), (1+1,)
5x,=J368q, =0
0,
11
|102 Il
J(’S:
_I1+I2 _i
I1|292 Il
Ag,
N
I, - Aq
\\ ’
Ay, |
] _(|1+|2)ﬂ
, Ay,
AR

Ady 4

21



Singularity Robust Inverse
17=3(33)"

-1

J*:JT(JJT+k|)

Singularity Robust Inverse

k, =0.01
k, =0.001
k, = 0.0001

22



