Kinematics

Manipulator
Prismatic Joint

Revolute
Joint

End-Effector
. nmoving link
Links: 1 fixed link
Revolute (1 DOF)

Joints:
Prismatic (1 DOF)

Generalized Coordinates

O : C 3 positions
O\ )~ 6 parameters 3 orientations
5 constraints
N

n moving links: 6n parameters
n 1 d.o.f. joints: 5n constraints
|d.o.f. (system): 6n-5n=n

Operational Coordinates

O,,:: Operational point

Aset X, Xpy..0 Xy,
of myindependent configuration parameters

M, number of degrees of freedom
of the end-effector.

Redundancy

A robot is said to
be redundant if

n>m,

Degrees of redundancy: n—m,

Task Redundancy

n> mtask
n—m,, : degrees of redundancy/task




Geometric Model

Homogeneous Transformation

Consecutive Transformations

T,=TT,...T,

* Forward Kinematics
* Inverse Kinematics

Kinematic Chain

joint,

ink N joint,
joint, Lmﬁij i Z




Denavit-Hartenberg (DH)
Parameters

Homogeneous Transformation

T(i—l)i = T(i—l)i (ai—17 84,6, p, )

cos o, —sing, 0 A
sing cosq; ;) €0sO cosay; .y —Sina;, —psing;,,

(-0i = | .: . .
singsing; ;) cosOsing;, COSeyy P COSK

0 0 0 1

Geometric Model
Forward Kinematics

Toenen) (@) =Tou (AT, (qy) - Tinayn (g, )Tn(n+1)

Ry (@) Poneny (Q)
TO(n+1) (q):( ( 01) ( :E)

x=G(q)

. z(xp(q)j
X ()

Representations
*Cartesian
*Spherical
X p «Cylindrical
X =
X *Euler Angles
R «Direction Cosines

*Euler Parameters




Position Representations

Xp(q) Pon+) (a)

A
«Cartesian (X, Y, 2) i
«Cylindrical (p,6,2) ;L " ,
-Spherical (r.0,¢) ./ ¢ /]

Orientation Representation

RO(n+1) =6 6 Iy

r-31 r-32 r-33

Ry = (1(Q) 1(a) r(a));
r(a)

X, =| r,(q)
r;(q)

Euler Angles
w/z, > X 55”

’
O/X' = 24,

¢/Z(n+1)

Yo

I’11 I’12 r21.3

RO(n+l) =\ h G Iy

w(Q)
X, =| 6(q)
$(q)

v @0 =san(r, s, A7)

6(q) =arccos () ;

#(q) =sgn (rsl)arccos(—rgz/\/R) ;

r, =+l
Singularity of the representation

0 =kr ki(integer) = r, ==+l

(w+¢) or (¥—¢) are defined-




Euler Parameters

Rotations:
Product of two plane symmetries

u-v=cosé/2
uxv=wsing/2

Euler 4-Parameters

A, =€086/2 ;

A, =w,sing/2;
A, =W,sing/2;
Ay =W,8in0/2 ;

Ao+ A+ A2+ 22 =1

Rotation Matrix

225+ 28) =1 2(Ad, = Aehs) 2(Ads+Aoh, )
Ron (@ =| 2(Ad, + 204s)  2(25+243) -1 2(2,25 = Apy)
2( s =Aoky) 2(Ahs+Aghy) 2(25+23)-1

R

o) =| Tar T I

(Rohs)o (R oha) (ohs ) (2ikp) (2125 Jand(r
/13:%1/rn+r22+r33+1;
/12 :%sgn(rn—rl )\/_rn_rzz +I’33+1 ;
11 :%Sgn(ﬁa_ral)\/_'i1+rzz —I’33+1 ;

n .
/10 :ESgn(raz —I‘23) r11_"22_"33‘*1 )

n==x1

Lemma: For all rotations, at least one of the
Euler Parameters has a magnitude
larger than or equal to 1/2.

Aa( (1) [Aa(Ein)| |Xaltiny)| [Aa(tin)|
Ao(ti) Ao /4 (532 — 523) /A1 | (503 — 530) /Dy | (521 — 510) /Dy
Ar(t) [ (532 — 503)/ B0 A/ (521 + 512) /D | (513 + 531)/Ds
Aa(ti) | (513 — s31)/ Do | (321 + 512) /A Ay /4 (332 + s93) /A
As(ti) | (521 — 519) /Do | (513 + 531) /D0 | (532 + 523) /Do Ag/4

Ay = 25gn(/\g(f(i 1)) Vs11 F sz + sz + L
Vs — s — sit 1

)
A o= 2sgn(AMi(ta-))
)

)

Ay = 2sgn(Ae(tio
Ay = 25?}"(1\3(?(91)

=811+ S22 — s33 + 1;

=811 — 82z + 833 + 1.




Euler Angles & Parameters

A, =C€086/2-cos(y +¢)/2 ;
A, =sin@/2-cos(y —¢)/2 ;
A, =sin@/2-sin(y —¢)/2 ;
A, =€080/2-sin(y +¢)/2 .

Jacobian for X

Xp
Given a representation X =
Xg
x=1J,(9) ¢

J,(9) = E(x) Jo(a)

V .
Basic Jacobian (w} =Jo(9) ¢

Basic Jacobian
{0} y - linear velocity
)7’7 %m angular velocity
\'
a) = \]O(q)(6xn)q(nxl)

(6x1)

Jacobian and Basic Jacobian

R

J@ = E(X) (9

\'
[ ) = J,(@) q
0]

Position Representations
(X,¥,2)
EP(X) = Is

(p.0,2)
Using(x y z)" =(pcosé psingd z)'

cosé sin@ 0

Eo(X)=|—sin ¢, 9/ 0
»(X) sm%)cos%J
0 0 1

(p.0,9)
Using
(x y 2)" =(pcos@sing psindsing pcosd)’

cosdsing sin@sin g cos¢

E,(X)= _Sin%psinqﬁ) cos%psiw)

cosecosy Sin@COSV _siny
P P P




Spatial Mechanisms

{2}

{0}

Propagation of velocities

_~ Vv : linear velocity

X .
o : angular velocity

The Jacobian (ExpLICIT FORM)

Q
X V
ﬂec‘ror Prismatic Revolute o v
7777 Linear Vel: \
Angular Vel: none Q;
Effector Line(n]r Velocity
V:Z[Eivi+éi (€ xR))] Vi=44,
Effector Anglntjllar Velocity
Q=74

o= zg Q,
=)

Euler Angles
_sacf cacp
a sp sp
Xg =| B [ Exr(Xz) = ca sa 0
4 s _ca
sp sp
p=kr
The Jacobian (expLIcIT FORM)
Q;
é <\
ATTTTTN
Revolute Joint €2, = Z,(;
Prismatic Joint Vi = Zi qi
The Jacobian (ExpLICIT FORM)
e 2
v
ffector Prismatic Revolute a v
777777~ Linear Vel: \
Angular Vel: rone Q
Effector Linear Velocity
VZZ[Ei Zi+§ (Z;xP)Iq; Vi =Z¢
i=1
Effector Angular Velocity
w:Z(gizi)qi O =7ZG
i—1

v=[g Z,+& (Z,xR,)]¢ +
+[€n—1 Zn—1+ én—l (Zn—l x P(n—l)n)]qn—1+ en ann ql

v=[g, Z+€ (Z,xP,) €,2,+&, (Z,xP,) -] qz
v=J,4 Gy
0= Z4+E, Z,4,++€,ZG, %
w=[g2, §1, € Z,] ’f
w=J(q dn




The Jacobian { J j

Matrix JV (direct differentiation)

v=§:>‘< =%q+%q+---+ s
,) T A A A
J:(ﬁxp M ﬁxpj
g g, a,

Jacobian in a Frame

Vector Representation

Ko Kp He
J: 7[%'{1 M2 76?%
.4 §.7, &-Z,
In {0}
Ax, X, X,
UEla, A, A,
&4 &4, - §.Z,

Stanford Scheinman Arm

Stanford Scheinman Arm Jacobian
% % %

“J=| 74, Jq, Oq,
0Z1 OZ2 0 0Z4 0Z5 026

[—c,d, —s;s,d, cc,d; ¢s, O 0 0
-s,d, +¢;8,d, sc,d, ss, 0 0 0
0 -s,d, ¢, 0 0 0
0 -s, 0 ¢S, —CC,S,—SC, C,C,C,S5 —5;S,Sg +C;S,Cq
0 c, 0 55, -S,C,S,+CC, 8,C,C,4Sc +C;S,Ss +5,5,Cq
1 0 0 ¢ S,S, —$,C,S5 +C4C,

Velocity/Force Duality

x=2J0
r=J'F




Instantaneous !
Inverse Kinematics

Linearized Kinematic Model

6x=1J(a)4q

Resolved Motion-Rate
(Whitney 1972)

59=37(q)6x

Jacobian
AX Ag,
= ‘]2><2
Ay Ad,
Inverse Jacobian

HES
qu 2x2 Ay

Redundancy

A
Ax G
Ay = ‘]2x3 Aqg,

AQ;,

Generalized Inverse
Aq,

Aq,

Ax
Aq, |= J;Z(Axlj +[1-373] | Aq,

2

AQ, AQ,

A(mxn) Yy = Xima)

Range space

v / \ X[ /Column space
R”\\\Rjy/ of A
. \_///" m
General Solution R

y=Ax+[1,-A"Aly,

Generalized Inverse

Ay 3 Tank(A)=r
Ay AA'A=A

A=(2 -1
1 a

A=[2"2
a




Amen) y(nxl) = X(mxl)

n>m
(r=m)
_)
—> C
2 0 1" (%
11 0) 2|7 X,
Y3
Example (1 0O X,
Yi
2 4( j= X,
3 4)\? X,
1 0 X,
Vil 2 [+ Y| 4|=| X%
3 4 X
1 0
3 4

1 a
Afy = E"'E _ E(l"'a)x :(}ﬁ
a ax Y,
1+a)x
Ay=(2 -1 2( ) =
ax
n<m
(r=n)
,,,,,, column—
- kolumn<1

Jacobian Generalized Inverse

Generalized Inverse
% 9 ]

I 3,983,=3,

General Solution

59 =15 5% +[ 1,-3:3, |59,

10



General Solution

59 =15 5% +| 1,-373, |5q,

5q, =(1-353,) 59,
0=1J,5q,
0=1J,(1-353,) 50
0=1J,-3,9¢3,

=

—
3,213,303,

3513,=3,313

0%o"%0

Pseudo Inverse
AA A=A

ATAAT = A
(A*A)T —A'A
(AA*)T — AA

A" : unique

Pseudo-Inverse

Left Inverse

m>n At = (AT A)fl AT
(r=n) ATA=1
m=n=r At = Al

ATA=AA =1
Right Inverse
m<n A'=AT(AAT)
(r=m) AA" =

Generalized Inverse

Left Inverse .
m>n A = (ATW ‘1A) ATW

(r=n) A'A=1
m=n=r A=A

A'A=AA =1
Right Inverse
m<n A#zwflAT(AwflAT)fl
(r=m) AA" = |

1



Reduction to the Basic
Kinematic Model

Joq=0x

ox=E(X)oXx,
Jo(9) 5q = 6%,

ox=E(X)oX,
E(X) :mxm,matrix (m>m,)
—rank (E(X))<m,
—rank (E(X))<m,

Left Inverse
rank (E(X)) =

5XO (m xm)(x) 5X
E*: EE=I,
E+=(ETE) ET

E; (Xp) 0 J

E(X) :( 0 E(Xr)

System
5me1 = E

X =(ETE) 5X0m0x1

Mo xMy

mxm05X0m0xl
Epom
(ETE) E"ox=0%,
O0X, = E"0X
E =(E'E) E
E'E =(ETE)‘1 ETE=|

Left Inverse

Position Representations

E.(X)=1,

Using(x y z)" =(pcosé psine 2)"

cosé sin@

E,(X)= —sm/ cos/

Position Representations
Es(X)=E'(X)=1;

cosd —psind 0
E;'(X)=| -sin@ pcos® 0
0 0 1

12



Using
(x y 2)" =(pcosfsing psindsing pcosd)’

cosédsing sin@sin g Cos ¢
E,(X)= _Sin%psinqﬁ) Cos%psinyﬁ)

cosecosy sinecosy _siny
P p P

cosdsing  psindsing pcosOcosg
E.'(X)=| —sinfsing pcosdsing psindcosg

Rotation Representations

S =S
Xr = S2 ; Er (Xr) = _SZ
S _§3

0 0 s1
S= 0 0 -Ci
-s1 C1 0
| s2 -sC1 0
7S, =|-sCc1 C2 0
SC1=51C1
0 0 1

cos¢ 0 —psing
Example Cl -S1 0
S=(SS,5;)=[S1 C1 O
0 0 1
Z 0 -z; 1z
I=|2,|=| 2z, 0 -z
Z, -z, 7, O
0 0 C1]
S,=| 0 0 s1
-C1 -S1 0
c? sC1 0]
S1S,=|sC1 S2 0
0 0 1




Angular Velocity

A

Direction Cosines - Rotation Error
Instantaneous Angular Error

S Si
X =| Sy |3 Xg =| Sy
S Sa

S1 Sid

ox. =|S2|-| S2d
S3 S3d

S =S
Xr: SZ ; Er(xr): _§2
S _§3
szEra)
Solution
a)zlETXr
2
a)—lETXr
2
5¢—£ET5Xr
2
S1 S1d
SX, =| S2|-| s2d
S3 S3d

14



E’|S2 :;(s]su 5,52+5,53)=0
s3

Instantaneous Angular Error

Rotation Representations

S _§1
Xr = SZ ; Er (Xr) = _SZ
S _§3

ErT (Xr)Er(Xr):2|3

€ (x)=5(-S 81 -91)

Euler Angles

S0y Y% 1
0

E(X)=| C¢ Se
Sp _Co
A@ so 0

0 cosy sinysind
E'(x,)=|0 siny —cosysing
1 0 cosé

Euler Parameters

15



Euler Parameters

AV
A=,

Inverse of the Basic
Kinematic Model

System
Xty = 90(A) (mexmyO iy s Mo <N
Right Inverse

rank J, =m,
nxm, J7[3,37 =1,

System

5X0(m0><1) =J,(q) (O Aty s My <N
Solution o = Jg X,

# .
Jo: Generalized Inverse

General Solution
8q=135 6X,+[1,-373, | 59,

oq,

Redundancy (w.r.t a Task)

x=1CL+1,C12+1,C123 %
y=1,S1+1,812+1,5123 ’

q1:q2:O

lL=l,=1,=1 7%
1) = -83 -S3 -S3
2\ W= 5. 03 1003 C3

37, =17(3 JT)’l

3x2

: 352
JJ7 =
-3(1+C,)S3 3CZ+6C3+5
det(JJ7) =657

~3(1+ cs)ssj

68| 3(1+C;)S3 357
1+3C3 353
\](+3><2) :@ _2 0

—-(5+3C3) -3S3

(207)" 1 £3C§+6C3+5 3(1+cs)33J

5q=3"6x+(1,-353,) 59,

a1
N

-1
2
)

.]*Jzl 2
6

-1

N DN

16



O —— o 0%
5q=3"6x+(1,-3535) 59,
. 1 -2 1
(l—J*J):6 2 4 =2
1 2 1

1 -2 1
cSqn:1 2 4 2[5, #
1 -2 1

1
54y, =g(5q1—25q2 +60;)

1
50, =g(—25q1+45q2 -250,)

1
50, =g(5q1—25q2 +50;)

Redundancy
System
5X0(m0x1) =J,(0) (moxn)é‘q(nxl) ;M <n

General Solution

8G9 =35 X, + [ 1,-353,] 5

oq,

Kinematic Singularity

singular direction
1=(3,3,+3,)

det(J)=0
det('J)=det('J)

Kinematic Singularities
x=1,C1+1,C12

y=1,51+1,512 .

—(1,81+1,812) 1,812
,C1+1,512  1,C12

det(J)=1,1,52

17



J= S01 ‘J(l)
3 Cl -S1 -1,52 1,52
S1 C1 |1+|2C2 |2C2

, [0 0
L1,

Singular Value Decomposition

Theorem - Definition

A=UX V'

2
>0
5o
Y., =diag[o;]
0,20,2--20,>0
o (i=1---,r)

Decomposition of A
A(mxn) = U(mxm) Z"(m><n)VT(n><n)

m=>n ATA=V(ZT Z)VT

sz:(zr OJ
00

1°) det(A'A-6°1)=0—> 07,07 > X

2°)(ATA=071)V, =0 >V

P)AV =U Y
(Av, P AV, i) =(oyU, i oyU,iee)
U = Av, Y
o.

m<n AAT:U(ZTZ)UT

I

18



1°) det(AA" —6%1)=0 > %

20)(AAT —GiZI)Ui =0 U

Pseudo Inverse of A=U X V' is

P)AU =V Y
(ATul ATUl '”):(O-lvlz GZVZE )
T
v, = A'u, v
Oi
lof 0
Pseudo Inverse of Y =| 0 o, is
0
Lo
o
s -|o L
o
0

At =V Y*UT
AAA=A
T
(A+A) - A'A
T
(AN):AN
Example
] 0 0
O A

1°) 2?

JTJ{(I1+I2)2 (|1+|2)|2J

2
(1,+1,)1, 17

2°)V ?
(JTJ —()'fl)vl =0

2 (L)1,
-0
(|1+|2)|2 _(|1+|2)2 b
V=1(Il+|2 -,
|§+(|1+|2) l l,+1,

|

19



0 -1
U:

10
J=S,U XV’

Jy,
u =
O
I, +1,
0 0
u =L+, 1, \/IU
JO VO 7
JO
>V 5y =J489
'Ry y% .
P\Bl I, qf@ §q:J(1> 5X(1)
a0
4 I,+1,
12(1, +1,)
oq = | oX
0 2
17 (1,+1,)
L+l, 1,
(et =sto 1) iz, +1) o] VO VO
st c1)l1 o 0 ol 2 L+l
() ()
JT=V YUt s SR
[+,
2
3+ |§+(|1+|2) ClL s1
- -s1 1

R 77
1 : I
g 5ql/>@ I +1,
& o =— 7 Y
(1, +1,)
59 ! )
= y
Co(,) T
General Solution
5q=3"ox+(1-3"3) 59,
44,
J+J 1 £|l+l2 _|2 )
2o, +1,)0 e Ll

20



Problem with the Pseudo Inverse Solution
Jo

;_[cr -t -1,52 1,52
“ls1 c1){l,+1,c2 1,c2

g1 1,C2 1,52 \(c1 s1
1l,s2( (1, +1,c2) -1,82)(-s1 C1

-1
I

|

1 12 —(I+1,)1,
5Qn:ﬁ 2 5010
B+(1+1,) (=(L+1),  (1+1,)
5%, =J6g, =0
0,
11
J’l: |192 I1
@ L+l 1
|1|292 Il
Ag,
AN
,,,,,,,,,l% ,,,,,,,,,,, Aq,
—— ,
_AX%y ’
AY(1)\
\ _(h"’b)ﬂ
LAy,
@) 02

Aq,

21



Singularity Robust Inverse

-1

J*:JT(JJT)

-1

J*:JT(JJT+kI)

Singularity Robust Inverse
o0y, k, =0.01

k, =0.001

k, =0.0001

R q,

22



