Instantaneous !
Inverse Kinematics

Jacobian Generalized Inverse
Generalized Inverse

3 3,383, =3,

General Solution

59 =35 8% +[ 1, - 353, |59,

5q, =(1-343,) 59,
0=1J,0q,
0=J,(1-353,) 50,
0=1J,-3,353,

—
I 3,423,389,

=

General Solution

59 =35 8% +[ 1, =353, |50,
. 5qn )

Pseudo Inverse
AATA= A

ATAAT = A"
(AA) =A"A
AAT) = AA®
(An7)

A" :unique




Pseudo-Inverse
Left Inverse .,
A" = (AT A) AT
ATA=1
A+ — Afl
ATA=AA =1
Right Inverse
A +: AT (AAT )—l
AA =1

Generalized Inverse
Left Inverse .,
A" =(AWA) AW
ATA=
A =AY
A*A=AA" =|

Right Inverse
A#=W—1AT (Aw—lAT)—l

AAF = |

Reduction to the Basic
Kinematic Model

Joq=0X

ox=E(X)oX,
‘]o(q)é‘q :5Xo

Left Inverse
rank (E(x))=m,
0%y = E (i amy (X) OX
E': E'E=1,
E' =(ETE) E’
E;(x,) O }

E+(X)=( 0 E(x)

Task Jacobian and Basic Jacobian

J,(9) = E(x) J,(a)

E00 (Ep(xp) 0 j

0 Es(Xz)

Position Representations
Xp = Ep(Xp) V

EP(XP) = |3

Using (x y 2z)" =(pcos@ psind z)’

cosd sind 0

E._(x)=| —sin @ g9 0
»(X) sm%J cos%)
0 0 1




Using
(x y 2)" =(pcosfsing psindsing pcos)’

cosdsing sin@sin ¢ cos¢

E, (%)= _Sin%psinqﬁ) cos%psin¢)

0059005% sin ecos% _sin%
P P P

Position Representations (inverse)

v=E (X)X,
E;l(XP):|3
cosg —psingd 0

E.'(X,)=| —sin@ pcos® O
0 0 1

cosdsing psin@sing pcosHcosg
E.' () =| —sin@sing pcos@sing psindcosgp
cos ¢ 0 —psing

Direction Cosines - Rotation Error
Instantaneous Angular Error

=

g

y Xpa =1 Fog

(AT‘I\J

r3d
h
Xy =1, |-

Mg
g

r3 r3d

Rotation Representations

(ETE) = (Ra+E6+8F):

N |-




w==—E!X
9 CR7R
1
S ==ELSx%,
2
I Ny
5XR= L= N
Iy I3

Instantaneous Angular Error

1,. ~ ~
5¢ = _E(rlrld T Ly + 6l )

Euler Angles

_S(/)C%g C(/)C%g 1
0

E(X)=| C¢ Se
Sp _Co
A@ so 0

0 cosy sinysind
E'(x,)=|0 siny —cosysing

r

Euler Parameters

1 0 cosd
_/11 _/12 _/13
v A A A
1= 0 3 2
_/13 /10 11
/12 _/11 /10




Euler Parameters

Vo
ATA=1,

System
5X0(m0><1) = Jo(q) (moxn)é‘q(nxl)

Solution oq = Jgj SX,

# .
Jo: Generalized Inverse

General Solution
5q=135 6X,+ [ 1,-343, ] 59,

o0y,

Kinematic Singularity

singular direction

3=(3, 3,3,

Singular Value Decomposition

Theorem - Definition

A=UX V'

>0
Z_E 0 oj
Y., =diag[o;]

0,20,2--20,>0

o(i=1-,r)




Singularity Robust Inverse
3=37(337)"

I =37(33 k1)
)

Singularity Robust Inverse
50, k, =0.01

k, =0.001

k, =0.0001

N1 q,

Operational *
Space
Framework! |

Whole-body Compliance!

.. motion in contact

Joint Space Control

A ¥

Joint Space Control




Joint Space Control

Task-Oriented Control

\ (XGoal )

F=-VV(Xsou)
r=J'F

Task-Oriented Dynamics

X F
F = F (dynamics)

Unified Motion & Force Control

motion

+F

contact

Y F-=F

motion

Equations of Motion

E(%j_%_p
dt\ ox ) oOx

L(X,X)=T(x,X)=V(X)

End-Effector Control

r=J"(q)F
F :_VV(XGoaI)

1
Voal :Ekp(x—xg)T (x—xg)




Passive Systems
1
U go zzkp(x_xg )T (X_Xg)

E(EJ_MZ =

dt\ ox OX
VE =—i(vgoal —\7)

d (8T j_ (T ~Vyou) -

_& OX ZOD

Conservative Forces

Asymptotic Stability

d (8Tj_a(T ~Vour) .

dtl ox

OX °

FS
F'%x <0 ; for x=0| _X /

F.=—kXx — k, >0

dt

F :—kp(x—xg)—kvx+f)

Operational Space Dynamics

AX)X + u(x,X) + p(x) = F

A(X):
H(X, %)

p(x):
F:

Example 2-d.o.f arm

AX)X+ (X, X)+ p(X)=F

(Myc?12+m, ) R+m"§ + 4 =k, (X =%, )=k, X

(mc?12+m, )y +m s+, =k, (y-y,) -k

my, (@)X +Kk,X+k, (x—xg)

My, ()Y +K,Y+K, (Y=Y, )




Joint Space Dynamics

A(@)g +b(g,4) + g(q) = T
q:
Ag):
b(q,q):

g(a):
I

Lagrange Equations

d JL, JL
B e R
dt ‘29" 2q

A(@)G+Db(g.d)+g(a) =T

A(q):T=%qTAq AQ) =

Equations of Motion

s Total Kinetic Energy: |

T ZZTLinki =

q'Aq

N -

Equations of Motion Explicit Form

T, %(MVE,VC, +a “l,m)

iy

Total Kinetic Energy—) T:Zﬂ

i=l

Equations of Motion Explicit Form

Generalized Coordinates Q
Generalized Velocities 0

Kinetic Energy 1 T A
Quadratic Form of T =-q A q
Generalized Velocities
1.7,._1< T TC
Eq Aq EEZ(miVCiVCi +o; “lo)
i=1

Equations of Motion Explicit Form

VCi = ‘Jviq

o =J,0

—0q Agq :%Z(mivgivci +a)iT Clia)i)

In:].
s
i=1




Equations of Motion

Explicit Form

JJ +JTCIJ

i Vi TV

1~

A= Z(mJ J, +3,°13,)

17V 7y

o

Ay dp - A,

Christoffel Symbols
by, =

7
9

k
E(auk + alkj - a]k|)

b(d,q) = C(a)[ a4 ]+ B(a)[dd]

_b1‘11 b1‘22 o bl.nn Qf

C(q)[qz]: z.,11 bzlzz 2:nn C|22
(nxn)  (ned) : : :
_bn,ll bn,zz e bn‘nn qnz

_2b1.12 2b1‘13 o 2b1‘(n—1)n

Blo) laa] -| * 7 P P
(0 (D0, ’ ’ ' '

;2bn‘12 2bn,13 2bn_(n71)n

4.9,
4,d;

a a a
A(q) _ 21 .22 2n
(nxn)
_anl an? - a'nn |
Gravity Vector

g=-(3, (mg)+J, (M,g)+---+J, (m,9))

Effector Equations of Motion

R0
!
x=(x1x2...xm0)
)
q=(9,0,...q,)
x=G(q)

R

n+1

n+l

Domain

10



Kinetic Energy

T(x,X):%xTA(x)x

Ay, (%)

T, (X, X) = %)‘(TA(X) X

T,(x,%) =T.(q,q)
1 N
5% A(X)x = 5 A(@)q
% = Jg
A(x) =37"(a) A(g) J7(a)
p(x) =37 g(q)

i(a—Tj—a(T_U)—F
dt\ ox OX

X 20X
i[ﬂj=/\x+/\x
dt

Q—EQ(XTAX):AX

oX

p(X,%)=Ax—

1(X, X) = Ax—m(x, X)
m. :%XTAXiX ; A=JTAJT

Ax=JTAG-AN(q,§)+J TAq
m(x,X) =J71(q,q) + I T Ag
h2 Jg
1
I-é— T .
=54 A4




mi(x,x):%XTAx‘X

m(x,X) = %|x JTTALD 1x|+2 | XTI TAJ x|

m(x,X) = Z147A, al+ I T Ag

0q, 04, aq T .
5 S S 1 H A
oxX; 0%,  OX; )-107Aq al

1, . . _ .
EquAx‘qI:J "1(q,q)
m(x,%x)=J "I(q,4)+J TAqg

4" A4 = (

=37 (Ad-1(d,9)) - Ah(g,4)
h2 Jg

#=137(q) b(g,4)-Ah(g,9)

Joint Space/Operational Space
Relationships

T.(x,%)=T,(q,9)

1.r 1 .
ZXAX)x==d"A
5 XA =20 Aa)g

x=J(q)q

1.1’ T . l.T .
—qJAJg==-q A
2q g 2q q

Joint Space/Operational Space
Relationships

A(x)=37(a) A(@)J ()

(%, %) =37 (a)b(q,6) - A(q) h(a,q)

p(x)=J7"(a) 9(a)

h(g,d) = J(a)q

>
-

Example l
9 ‘| m,
% =_dz / /ﬁ/
d.cl Yo y
2 e
X = !
_dZSJ 91& X
0y [—d,s1 cl :
| dcl sl

12



0] - —-d,sl cl
d,ecl sl |
cl -sl

0J=
[sl clJ

1J1:[O ]/dzj ;
1 0

2
Iy + 1, + Ml

r_ e
m, =

d,?

Op = cl -s1y(m, O cl ¢l
st et )lo m Jl-stoal
m," =m,+m,

m, +m., s12
OA=[ 2 2

-m,scl
—m,scl

m, +m; c1?

|

m, + m;/ \

m, +m/, s12
OA — 2 2
—m,scl

—m,scl
m, +m; c1*

|

Nonlinear Dynamic Decoupling

AX)X+u(x,x)+p(x)=F

= AMF + (% %)+ ()

I x=F"
with T=J"F

Dynamic Decoupling

AX) X+ u(x, %)+ p(x)=F

F=AF" + (X X) + p(X)

My
~__—

G(x) Fxny

| X =(A’1/A\)F*+A’1(,[z—y)+A’l(P—P)
~_

~

-~
P(x)

13



I, X=G(X)F" +&(x,X)+d(t)
G(X)=AT"A=1+¢,

£(x,%)=A"(f1+P)

Perfect Estimates
1, X=F"

m,

F =—k, X—kp(x—xg)
Closed Loop

[, X+KX+K X=K X,

m

PD Control
F'=—k%—k, (x—xg)

Velocity-Like Control

F*:—kV(X—t—p(xg—x)j

\

d(t):
Closed Loop
[, X+KX+K X =KX
X
ng/”vv *************** Va
Umax
///
t
k
Xy :k—"(xgl —x)

v =sat {%} 1/7
d 0 .

X if [x| <1
at(x):{

sign(x) if [x|>1

14



Trajectory Tracking
Xqv Xqs Xy

F'= I X =K, (X=%g) =K, (X=Xg)

(X=%4) +K, (X=%3) + K, (X=X,)

\éx +k, & +Ke =0

Ex = X=X,

In joint space

é,+k g, +k e, =0

gq :q_qd

15



