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Instantaneous 
Inverse Kinematics

Generalized Inverse

# #
0 0 0 0 0: J J J J J

# #
0 0 0 0 0    nq J x I J J q  

General Solution

Jacobian Generalized Inverse

 #
0 0 0nq I J J q  



00  nJ q

 #
0 0 0 00 J I J J q 

#
0 0 0 00 J J J J 

# #
0 0 0 0 0:J J J J J


# #
0 0 0 0 0    nq J x I J J q  

General Solution

nq

 #
0oI J J

nq

0q

# #
0 0 0 0:  oJ J J J J

0J

x

1q

0

#J
2q

nq
0

Pseudo Inverse
A A A A 

:A unique

A A A A  

 TA A A A 

 TAA AA 
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Pseudo-Inverse
Left Inverse

  1  T TA A A A
 A A I( )




m n

r n
1 A A

  A A A A I
 m n r

Right Inverse

 A A I( )




m n

r m

1( )T TA A AA 

Generalized Inverse
Left Inverse

  1# 1 1T TA A W A A W
 

#A A I( )




m n

r n
# 1A A

# #A A A A I 
 m n r

Right Inverse

( )




m n

r m

# 1 1 1( )T TA W A AW A  
#AA I

Reduction to the Basic
Kinematic Model

J q x 

0( )x E X x 

Initial Problem (    equations)m

Reduced Problem (     equations)0m
0J E J

0 0( )J q q x 

Left Inverse

If 
the system has a unique solution:

  0( )rank E x m

00 ( ) ( )m mx E x x 


  1T TE E E E
 

is such that:E
0

ImE E 

and ( ) 0
( )

0 ( )
p p

r r

E x
E x

E x






 
  
 

0( ) ( ) ( )xJ q E x J q

Task Jacobian and Basic Jacobian

( ) 0
( )

0 ( )
P p

R R

E x
E x

E x

 
  
 

where

Position Representations

3( )P PE x I
Cartesian Coordinates ( , , )x y z

cos sin 0

( ) sin cos 0

0 0 1

PE x

 
 
 

 
 
  
 
 
 

Cylindrical Coordinates ( , , )z 
Using ( ) ( cos sin )T Tx y z z   

x E x vP P P ( )
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   

cos sin sin sin cos

( ) sin cos 0
sin sin

cos cos sin cos sin

P PE x

    
 

   
    

  

 
 
 
  
 
 
 
 

Spherical Coordinates ( , , )  

( ) ( cos sin sin sin cos )T Tx y z        
Using

Position Representations (inverse)

Cartesian Coordinates (x, y, z)
1

3( )P PE x I 

1

cos sin 0

( ) sin cos 0

0 0 1
P PE x

  
  

 
   
 
 

Cylindrical Coordinates ( , , )z 

1( )P pv E x x 

1

cos sin sin sin cos cos

( ) sin sin cos sin sin cos

cos 0 sin
P PE x

       
       
  



 
   
  

Spherical Coordinates ( , , )   Rotation Representations

Direction Cosines

1 1

2 2

3 3

ˆ

ˆ; ( )

ˆ
r r r

r r

x r E x r

r r

   
      
      

r rx E 

Direction Cosines – Rotation Error
Instantaneous Angular Error

1 1

2 2

3 3

;
d

R Rd d

d

r r

x r x r

r r

   
       
      

1 1

2 2

3 3

d

R d

d

r r

x r r

r r


   
       
   
   

Rotation Representations
Direction Cosines

  1T T
r r r rE E E E

 

1

2

3

ˆ

ˆ( )

ˆ
r r

r

E x r

r

 
   
  

   1 1

1 1 2 2 3 3ˆ ˆ ˆ ˆ ˆ ˆT T T T
r rE E r r r r r r

 
   1

2

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1

2
T
R RE x 

1

2
T
R RE x  

1 1

2 2

3 3

d

R d

d

r r

x r r

r r


   
       
   
   

1

2
T

rE E 

 1 2 3ˆ ˆ ˆT T T TE r r r   

 1 2 3

1
ˆ ˆ ˆ

2rE r r r 

1

2 1 1 2 2 3 3

3

1
ˆ ˆ ˆ( )

2r

r

E r rr r r r r

r



 
     
 
 

0

 1 1 2 2 3 3

1
ˆ ˆ ˆ

2 d d dr r r r r r    



desired

Instantaneous Angular Error Euler Angles

 1

0 cos sin sin

0 sin cos sin

1 0 cos
r rE x

  
  





 
   
 
 

1

( ) 0

0

r

S C C C
S S

E X C S

S C
S S

   
 

 
 

 

  
 
 
   

Euler Parameters

 0 1 2 3

T

rx      

1

2
 





1 2 3

0 3 2

3 0 1

2 1 0

  
  


  
  



   
    
   

1
( )

2rE  



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Euler Parameters
Observing

 
1 0 3 2

2 3 0 1

3 2 1 0

2

  
 

   
   

r rE x

   
   
   

3
T I  

#
0 0q J X Solution

#
0J : Generalized Inverse

# #
0 0 0 0 0

n

n

q

q J X I J J q



      

General Solution

System

0 0( 1) ( ) ( 10 )0 ( )m m n nx J q q   

Kinematic Singularity

 1 2  nJ J J J

The Effector Locality loses the ability
to move in a direction or to rotate about
a direction - singular direction

Any m x n matrix A of rank r can be
factored into:

; where

Singular Value Decomposition

  TA U V

Theorem - Definition

is an m x m orthogonal matrix;U

is an n x n orthogonal matrix; V

is an m x n matrix of the form 
0

0 0

 
   

 
r

; with

with r idiag  

are uniquely determined
for A and called “Singular values of A”

( 1, , ) i i r

1 2 0    r  
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Singularity Robust Inverse

  1  T TJ J J J

Pseudo-Inverse

  1* T TJ J J J k I


 

S-R Inverse

Singularity Robust Inverse

1q

2q
2k

1k

3k 2 0 .001k 
1 0 .01k 

3 0 .0001k 

Operational
Space
Framework! .. motion in contact

Whole-body Compliance!

Joint Space Control Joint Space Control
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Joint Space Control

F

( )GoalV xF  

( )GoalV x

T FJ 

Task-Oriented Control



F

dynamics( )F F

x

x Fp 

Task-Oriented Dynamics Unified Motion & Force Control

motion contactF F F 
contactF

motionF

Equations of Motion

d L L
F

dt x x

       

with ( , ) ( , ) ( )L x x T x x V x  

End-Effector Control

( )TJ q F 
F

   1

2

T

goal p g gV k x x x x  

( )GoalV xF  
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   1

2

T

goal p g gU k x x x x  

System
 T Vd T

F
dt x x

       
 ˆgoalF V V

X


   



Passive Systems

 
0

goalT Vd T

dt x x

        Stable
Conservative Forces

Asymptotic Stability

is asymptotically stable if

0 ; 0T
sF x for x  

0s v vF k x k   

  ˆp g vF k x x k x p    
Control

 
s

goalT Vd T

dt x x
F

       
a system

sF
x

Artificial Potential Field

( ) ( , ) ( )x x x x p x F    

Operational Space Dynamics

End-Effector Centrifugal and 
Coriolis forces

( , ) :x x

( ) :p x End-Effector Gravity forces
:F End-Effector Generalized forces

( ) : x End-Effector Kinetic Energy Matrix

:x End-Effector Position and
Orientation

Example2-d.o.f arm

  ˆ ( )p g vF k x x k x p x    

( ) ( , ) ( )x x x x p x F    
1q1l

2q
2l

Closed loop behavior

   111
*

1( ) v p gm q x k x k mx yx      

   122
*

2( ) v p gm q y k y k my xy      

   * 2 *
1 2 1 112 p g vm c m x m y k x x k x        

   * 2 *
1 2 1 212 p g vm c m y m x k y y k y        
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( ) ( , ) ( )A q q b q q g q    

Joint Space Dynamics

Centrifugal and Coriolis forces( , ) :b q q
( ) :g q Gravity forces
: Generalized forces

( ) :A q Kinetic Energy Matrix

:q Joint Coordinates

Lagrange Equations

( )
d L L

dt q q

  
 

 


( ) ( , ) ( )A q q b q q g q    

(( )) ,A b q qq  1

2
( ): TA q qAqT   

Equations of Motion
vcii

Pci

Link i

TTotal Kinetic Energy:

1

2Lin i

T

k
AqT T q  

Equations of Motion

1
( )

2 i i

T T C
i i C C i i iT mv v I  

1

n

i
i

T T




vcii

Pci

Link i

Explicit Form

Total Kinetic Energy

Equations of Motion

Generalized Coordinates q

Kinetic Energy
Quadratic Form of

Generalized Velocities

1

1
(

1

2
)

2 i i

n
T T C

i C C i i
T

i
i

m v vq A q I 


  

q

1

2
Tq qT A  

vcii

Pci

Link i

Explicit Form

Generalized Velocities

Equations of Motion

i ivC Jv q 

1

1
( )

2 i i i i

T T
v v

n
T T C

i i
i

m q q qJ J J JI q 


     

Explicit Form
vcii

Pci

Link i

iiC J q  

1

1
(

1

2
)

2 i i

n
T T C

i C C i i
T

i
i

m v vq A q I 


  
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Equations of Motion
vcii

Pci

Link i

Explicit Form

1

2
Tq qA 

1

( )
1

2 i i i i

n
T T

i v
i

T C
v imq J J I J qJ  




 

 
 
 

1

( )
i i i i

n
T T C

i v v i
i

A m J J J I J 


 

( )

11 12 1

21 22 2

1 2

( )
n n

n

n

n n nn

a a a

a a a
A q

a a a


 
 
 
 
 
  




   


Christoffel Symbols
1

( )
2ijk ijk ikj jkib a a a  

ij

k

a

q




 2( , ) ( ) ( )b q q C q q B q qq      

B

b b b

b b b

b b b

q q

q q

q q
n

n n n n

n n

n n

n n n n n n n

( ) [   ]

 
 

 
(

( )
) (

( )
)

, , ,(

, , ,(

, , ,( (

q qq


 




L

N

MMMM

O

Q

PPPP

L

N

MMMM

O

Q

PPPP





 

1

2

1

2
1

2 2 2

2 2 2

2 2 2

1 12 1 13 1 1)

2 12 2 13 2 1)

12 13 1)

1 2

1 3

1)




   




C

b b b

b b b

b b b

q

q

q
n n n

nn

nn

n n n nn n

( )[  ]





( ) ( )

, , ,

, , ,

, , ,

q q
 



L

N

MMMM

O

Q

PPPP

L

N

MMMM

O

Q

PPPP
2

1 11 1 22 1

2 11 2 22 2

11 22

1
2

2
2

2

1




   




Gravity Vector

m2g

c2

m1g

c1

mng

cn
m3g

c3

1 21 2( ( ) ( ) ( ))
n

T T T
v v v ng J m g J m g J m g    

Effector Equations of Motion

Non-Redundant Manipulator ; 0n m

 
01 2 

T

mx x x x

 1 2  T

nq q q q
 x G q

0R
1nR 

10n

Domain

1

,
n

q i i
i

D q q


   

x
1Cq 

2Cq 

G

 x qD G D
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 x qD G D 

In form a complete set of 
configuration parameters for the manipulator.01 2, , , x mD x x x

Excluding Singularities
and such that G is one-to-one

:qD

system of generalized
coordinates

01 , , : mx x

Kinetic Energy

  1
, ( )

2
TT x x x x x   

Kinetic Energy Matrix
0 0

( ) :m m x

1
( , ) ( )

2
T

xT x x x x x   

Identity
( , ) ( , )x qT x x T q q 

1 1
( ) ( )

2 2
T Tx X x q A q q    

x Jq 
1( ) ( ) ( ) ( )Tx J q A q J q  

( ) ( )Tp x J g q

 1

2
TT

x x x
x x

 
   

 
  

 

d T
x x

dt x

      
  



1

2 i

T
x

i

T
x x

x


 


 

System
 T Ud T

F
dt x x

       

 
1

0

1

2
,

1

2 m

T
x

x

x x

x x x

x x





  



 

  

 

( , ) ( , )x x x m x x     
11

;
2 i

T T
i xm x x J A J     

( , )

( , ) ( , )

T T

T T

x J Aq h q q J Aq

m x x J l q q J Aq

 

 

   


 

    
  

where h Jq
1

2
 

i

T
i ql q A q
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1 1

1 2

1
( , )

2
1 1

( , ) | | 2 | |
2 2
1

( , ) | |
2

( ) . | |

1
| | ( , )

2

( , ) ( , )

i

i i

i

i i

i

T
i x

T T T T
x x

T T
x

T Tn
x q

i i i

T T
x

T T

m x x x x

m x x x J A J x x J A J x

m x x q A q J A q

q q q
q A q q A q

x x x

q A q J l q q

m x x J l q q J A q

   





 

 

 

 

  


  



 

  

    

   

   

  

  

 ( , ) ( , )TJ Aq l q q h q q      

( ) ( , ) ( , )TJ q b q q h q q   

where h Jq
1

2
 

i

T
i ql q A q

Joint Space/Operational Space
Relationships

( , ) ( , ) x qT x x T q q

1 1
( ) ( )

2 2
T Tx X x q A q q    

1 1

2 2
T TTq qJ J Aq q   

Using ( )x J q q 

where ( , ) ( )h q q J q q 

1( ) ( ) ( ) ( )Tx J q A q J q  

( , ) ( ) ( , ) ( ) ( , )Tx x J q b q q q h q q    

( ) ( ) ( )Tp x J q g q

Joint Space/Operational Space
Relationships

,    , and      are all expressed in terms of
joint coordinates
 P

 x qD G D

The domain can be extended to
xD

:qD domain excluding singularitiesqD

Example

2

2

1

1

d c
x

d s

 
  
 

20

2

1 1

1 1

d s c
J

d c s

 
  
 

2 2q d

g



l1
y

CI1

CI2

m1

m2

d2

x
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20

2

1 1

1 1

d s c
J

d c s

 
  
 

21 1 0 1
;

1 0

d
J   

  
 

11 21

2 22

0 1 0 0 1

1 0 0 1 0

m d

d m

    
      

   

0

2

0 11 1

01 1

c s
J

ds c

   
   
  

1 J

21

2 2

0

0

m

m m

 
    

2
221 222 1 1

2 2
2

  
I I m l

m
d

2 2m m

 1x
1y



1m

2m

2m

20

2

01 1 1 1

1 1 1 10

mc s c s

s c s cm 

    
            

2 2 2m m m  

2
0 2 2 2

2
2 2 2

1 1

1 1

m m s m s c

m sc m m c

    
      

2m
2 2m m

2
0 2 2 2

2
2 2 2

1 1

1 1

m m s m s c

m sc m m c

    
      

Nonlinear Dynamic Decoupling

with TJ F 

( ) ( , ) ( )x x x x p x F   
Model

*( ) ( ,ˆ ˆ) ( )ˆF px x x xF    
Control Structure

*I x F
Decoupled System

Dynamic Decoupling

( ) ( , ) ( )x x x x p x F    

*ˆ ˆ ˆ( , ) ( )F F x x p x   

     0

1 * 1 1ˆ ˆˆ        
mI X F P P 

( )G x ( , )x x  ( )P x
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0

*( ) ( , ) ( )mI x G x F x x d t   

1 ˆ( )G x I 
   

 1( , )x x P     

( ) :d t unmodeled disturbances

Perfect Estimates

0

*
mI x F

input of decoupled end-effector*F

Goal Position Control

 *
v p gF k x k x x   

Closed Loop

0m v p p gI x k x k x k x   

Closed Loop
0m v p p gI x k x k x k x   

t

x

max

2gx

1gx

PD Control

 *
v p gF k x k x x   

Velocity-Like Control

 * p
v g

v

k
F k x x x

k

 
    

 


 dx

 p
d g

v

k
x x x

k
 




dx

 * p
v g

v

k
F k x x x

k

 
    

 


 *    v dF k x x

with
max

d

V
sat

x


 
   

 

1

0 1 max

dx






 
1

( ) 1

x if x
sat x

sign x if x

 

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Trajectory Tracking
Trajectory: , , d d dx x x

0

* ( ) ( )      m d v d p dF I x k x x k x x

( ) ( ) ( )       d v d p dx x k x x k x x

with

or

 X dx x

0   
X v X p Xk k  

In joint space

0   
q v q p qk k  

with  q dq q


